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Abstract. We provide explicit bounds on the eigenvalues of transfer operators defined in 
terms of holomorphic data. 

X> . 

Linear operators of the form Cf = ^2 ie jWi ■ / o Tj, so-called transfer operators (see 
e.g. [Ball IRuell IRue2| ). arise in a number of problems in dynamical systems. If the Tj 
are inverse branches of an expanding map T, and the weight functions W{ are positive, the 
spectrum of C has well-known interpretations in terms of the exponential mixing rate of an 
invariant Gibbs measure (see [Bal] ) . Applications also arise when the W{ are real- valued 
Q ; (e.g. |CCRL IJMS1 [Pol]) or complex- valued (e.g. [Doll IPS] ). 

r S^ ■ In this article we suppose that Tj and w% are analytic functions of d variables, for each i 

in some countabl^l index set 2. Under suitable hypotheses on T, and Wi the transfer operator 
C defines a compact operator on Hardy space H 2 (B), and we can give completely explicit 
bounds on its eigenvalue sequenc^l {X n (C)}^ =1 : 

Theorem 1. Suppose there is a complex Euclidean ball B C C d such that each W{ : B —* C 
is holomorphic with su Vz£B \ w i( z )\ < °°> an d each Tj : B —* B is holomorphic with 

Q*\ \ Ui e jTi(B) contained in the ball concentric with B whose radius is r < 1 times that of B. 

Then C : H 2 (B) -> H 2 (B) is compact and 

gi lA-ffll < "'% /2 »™<» r*^ for i.>l, (1) 

w/iere IF := sup z6B ^ i6 j \™i(z)\ ■ 
If d = 1 £/ien 

|A n (£)| < - 7 i= r^" 1 )/ 2 foralln>l. (2) 
1 Vl - H 

Remark 2. 

(i) An estimate of the form |A n (£)| < C9 nl d for some (undefined) constants C > 0, 9 G (0, 1) 
is asserted, either implicitly or explicitly, in the work of several authors (e.g. [FR[, IFril,IGLZ] ): 
the novelty here is that careful derivation of this bound renders explicit the constants C, 9. 

(ii) Using different techniques, the bound |A n (£)| < C9 nl/d can also be established in the 
case where B is an arbitrary open subset of (sec [BJ]), though here our expressions for 
C, 9 are more complicated. 

Example 3. If Cf(z) = Y^=i (^i) / (^Ti) Perron-Frobenius operator for the 
Gauss map x ^ 1/x (mod 1), cf. |May| ), B C C may be chosen as the open disc of radius 3/2 



^Subsequent results are new even when T is finite, but it is convenient to also allow countably infinite I. 

2 Precisely, {A„(£)}^L 1 denotes the sequence of all eigenvalues of C counting algebraic multiplicities and 
ordered by decreasing modulus, with the usual convention (see e.g. [Pie I 3.2.20]) that distinct eigenvalues with 
the same modulus can be written in any order. 
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centred at the point 1. In this case W = sup 2gB Yl^Li \ n + A 2 = Y^=ii n ~ V^) 2 = tt 2 /2 
and r = 2/3, so ([2]) yields 

|A n (£)| < ^(2/3) (n - 1)/2 for all n > 1 . 
2y5 

Notation 4. For an open ball D C C d , let H°°(D) denote the Banach space consisting 
of all bounded holomorphic C-valued functions on D, with norm ||/[|#oom\ := sup zg£) |/(^)|. 

Hardy space H 2 (D) (see [Krai Ch. 8.3]) is the L 2 (dD, ^-closure of the set of those 
/ G H°°(D) which extend continuously to the boundary dD, where a denotes (2d — 1)- 
dimensional Lebesgue measure on dD, normalised so that a(dD) = 1. In particular, H 2 (D) 
is a Hilbert subspace of L 2 (dD, a) with each element / G H 2 (D) having a natural holomorphic 
extension to D (see [Kra, Ch. 1.5]). 

In the sequel, no generality is lost by taking B in the statement of Theorem Q] to be the 
unit ball B\, and the smaller concentric ball to be B r , the ball of radius r centred at 0. 

If L : X\ — » X2 is a continuous operator between Banach spaces then for k > 1, its k-th 
approximation number a^^L) is defined as 

a k (L) = inf{||L — K\\ \ K : X\ — > X2 linear and continuous with rank(i4T) < . 

The proof of Theorem [1] hinges on the following two lemmas. 

Lemma 5. If J : H 2 (Bi) •— > H°°(B r ) denotes the canonical embedding, then J and £ are 
compact and for all n > 1 

n 

|A„(£)| < ^n«fc(^) 1/n - (3) 

fc=i 

Proof. If / G # 2 (5i) and z £ B r then |/(z)| < (2/(1 - r)) d / 2 by [Rudl Thm. 7.2.5], so 
{/ I II/IIh 2 (Bi) < 1} is a normal family in H°°(B r ), hence relatively compact in H°°(B r ) by 
Montel's Theorem (see [Narl Ch. 1, Prop. 6]), thus J is compact. 

Next observe that if / G H co (Bi) then / G H 2 (Bi) by [Rudl Thm. 5.6.8] and the 
canonical embedding J : H°°(Bi) H 2 (B\) is continuous of norm 1, because a(dB\) = 1. 
We claim that Cf := X^ex w i ' f ^ defines a continuous operator £ : H°°(B r ) — ► H°°(Bi). 
To see this, fix / G H°°(B r ) and note that Wi ■ f o Ti £ H°°(B{) with • / o lill^-oo^) < 

IMIj?«>(Bi) ll/llff-CBr) for ever y * G J - But since II^/IIh°°(Bi) < E,: e j IKIItf^BO ||/|lH«(B r ) 
and X^igj ll^illjf^fBi) < 00 by hypothesis, we conclude that Cf G H°°(Bi) and that £ 
is continuous. Now \f(Ti(z))\ < \\f\\ HOO ( Br ) for ever y z £ B 1 , i e 2, so ||£/||#cx>( Bl ) = 
S u Pz&Bl \(£f)(z)\ < sup, eBl £ ieZ K(*)| 1/(^(^)1 < ^ll/llHoc (flp) , and hence ||£|| < 
Now clearly £ = JCJ, so £ is compact, and 

flfc(£) < || JC\\a k {J) < Wa k (J) for all k > 1 , (4) 

since in general a k {L\L<2) < ||£i|| a^L^) whenever Li and L2 are bounded operators between 
Banach spaces (see \Pie\ 2.2]). Moreover, since £ is a compact operator on Hilbert space, 
Weyl's inequality (see [Piel 3.5.1], [Wey]) asserts that ELLi l A fc(£)l ^ IIk=i for a11 

n > 1. Together with gj) this yields ©, because |A n (£)| < flLi l A fc(£)| 1/n - n 

Lemma 6. 7/ /i rf (fc) := i/ien /or aZZ n > 1, 

00 

a n(J) 2 < hd-i(l)r 21 where k > is such that h^k — 1) < n < h^(k) . (5) 
«=fc 
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Proof. H 2 {Bi) has reproducing kernel K(z,() = (^-( z , 0c d )~ d ( see [Kra[ Thm. 1.5.50), 
where (-,-)c d denotes the Euclidean inner product, and K(z,() = Y^^=i Pn( z )Pn(0 when- 
ever {pnjJ^Li is an orthonormal basis for H 2 (Bi), the series converging pointwise for every 
(z,C) G B 1 x B x (see (Hall P- 19]). 

Define J n : H 2 (B{) -> i/ 00 ^) by J n / = ££j(/,Pft)p*. H « € B r then 



I J/(*Wn/(z)| 2 = !/(*) ~ J n f(z)f 



k=n 

oo oo n— 1 

< Ei(/'^)i 2 E i»(*)i 2 ^ ii/iifl»(Bo - E if*( z )i s 

fc=n fc=n k=l 

SO 

/ ra-1 \ 



a„(J) 2 < sup 2) - J2 \Pk{*)\ 2 ■ (6) 



k=l / 

2Z _ /i „2\-<i 



If n = 1 then A; = 0, in which case © follows from © since ^ l d-i{l) r = (1 
Now define the orthonormal basis {pn | n G Nq} by (cf. [Rudl Prop. 1.4.8, 1.4.9]) 

Pn{z)=KnZ± (n€Ng), 



wherein = y ^=^Tir ' ^ = ( n l> • • • ' n ^)> z ~ = z i 1 ' ' ' z d, d > n\ = ni\--- n d l, \n\ = niH hn rf . 

If n > 2 then there are ( fc+ j _1 ) multinomials of degree less than or equal to k — 1, so 



an (j) 2 < sup [#(*,*)- e M*)l 2 ) = ™pI;Ekw^^f;l^^ , ^ 



/ j / j \ilL\ >\ — / i I J iM 



for all n > ( k+ d x ) , because E|n|=i n\ \ z ~\ 2 — IT 7 * 2 ' f° r z £ B r by the multinomial theorem. □ 

Proof of Theorem [TJ By Lemma[5]it suffices to bound the geometric means (Ilfc=i a k) 1 ^ T 
where a& := a^(J). From Lemma[6]it follows that 



r 



2(3„ 



a 2 n < OL n ' ?w for all n > 1 , ( 7 ) 

«n := h d _i(k) 



where 

« ~h , , OA 

for /i<j(A; — 1) < n < /id (A;) , 



because 

oo oo , , , , s oo 2fc 

£/i d _l(/)r 2i = /i d _^fc)r 2fc E , (II ^ ^ ^iW^E^iCO^ = ^-iWtT^vJ- 
Z=fc «=o d 1 ^ z=o \ r ) 

Combining (J7D with Lemma O gives, for all n > 1, 

|An(r)|<Wa B (i _ r2)d/2 , (8) 

where 

n -\ n 

1=1 n l=i 



•^Note that the extra factor (d— l)\/(2n d ) appearing in [Krai Thm. 1.5.5] is due to a different normalisation 
of the measure a on dB\. 
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To obtain ([I]) and ([2]) from (jHJ) we require an upper bound on a n and a lower bound on 
[3 n . We start with the bounds for a n . Observe that 

5c\ = h d -i(0) = 1 , and a { < d(l - l) 1 " 1 ^ for Z > 2 . (9) 
To see this note that 

h d ^(k) (d!) 1 " 1 ^ ( Uti(k + l) d _ (d!) 1 - 1 /* d ff / , /V^ 



is decreasing in k, so if /i d (A; - 1) < n < then (f _ 1 °'_ l/d < ^^ji-i/d - hjpy-li = d ' 

The estimate ([9]) now yields the upper bound 



a n =f[ai'™ < Vd((n - l)I)C*-i>/<**0 < ( 2 (2) n ) ( * < JM*-W<M , (l ) 

i=l 

where, for n > 1, we have used the estimate (re— 1)! < 2 (~) n (i.e. log(re— 1)! < J^ =2 logxdx < 
n log re — re + log 2). 

We now turn to the bounds for f3 n . If h d (k — 1) < I < h d (k), so that /3/ = fc, then 
i < M*0 < (d!) _1 (A; + d) d , which implies ft = k > (d!) 1 /^ 1 ^ -d. Therefore 

1 n 1 n w 

/3n = - V A > -d + (dl) 1 ^- V I 1 /** > _ d + ( d!)V<*^* V<* , (11) 

re re a + 1 
z=l ;=i 

where we have used £f =1 ^ > JT=o ^ dx = dTT nl+1/d - 

Assertion ([H) now follows from (JSJ), JTD]), and {(TTJ) . Finally, if d = 1 then n = ± YZ=i Pi = 
^ Ya=iQ- — 1) = ( n — l)/2> an d (M) becomes a n < 1, so substituting into (j8]) yields (jSJ). □ 
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